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Abstract 

^ ' We exactly calculate the quasinormal frequencies of the electromagnetic and Klein-Gordon perturbations 

propagating in a five-dimensional dilatonic black hole. Furthermore we exactly find the quasinormal frequencies 
of the massive Dirac field. Using these results we study the linear stability of this black hole. We compare our 
{^JQ' results for the quasinormal frequencies and for the linear stability of the five-dimensional black hole with those 

already published. 
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■ 1 Introduction 

in 

. In General Relativity and related areas, the quasinormal modes (QNMs) of a black hole are physical quantities 
whose computation is useful because they depend on the physical parameters that characterize the spacetime and 
the classical field. Thus if we know the properties of the field, by measuring its quasinormal frequencies (QNF) 
we infer the values corresponding to several physical quantities of the black hole, (see Refs. [T] for comprehensive 
. reviews on QNMs). 

^ ' The QNMs of the gravitational perturbations propagating in several four-dimensional black holes were calculated 

because we expect these modes will be significant in gravitational wave astronomy [TJ [5] . Also the QNMs are useful 
to study the linear stability of the black holes, because if we find modes satisfying the boundary conditions of the 
QNMs and with amplitudes increasing in time, then the black hole is linearly unstable [311]. Also, recently the 
QNMs have been helpful in other research lines such as the AdS/CFT correspondence of String Theory [3 [6], and 
Hod's conjecture in Quantum Gravity 

We know several three-dimensional and two-dimensional spacetimes whose QNF were calculated exactly, for 
example, the three-dimensional BTZ black hole [SI [HI H] , the three-dimensional black hole of the Einstein-Maxwell- 
Dilaton with cosmological constant theory [TUl [HI [T^ , the three-dimensional de Sitter spacetime [T51 [Tl] , and the 
two-dimensional uncharged dilatonic black hole [4] . 

Generally for four-dimensional and ZJ-dimensional black holes {D > 4) their QNF are calculated by using 
approximate analytical methods or numerical techniques. See reviews |Tj, 15], and Refs. [3], [S], [IS] (this list is not 
exhaustive). Nevertheless there are some higher dimensional backgrounds whose QNF were computed exactly. We 
know the D-dimensional massless topological black hole [IHl [13 [TH] , the £)-dimensional Nariai spacetime [THl [IH] , 
the D-dimensional de Sitter spacetime [TH [5D1 [HJ [55] , the BTZ black string f53] , and the five-dimensional uncharged 
dilatonic black hole [4]. 
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Recently the linear stability of higher dimensional spacetimes has attracted a lot of attention, see for example 
Refs. [3], [4], [21]- [32] (this list is not exhaustive). Becar et al. in Ref. [4] exactly calculated the QNF of a non- 
minimally coupled to gravity Klein-Gordon field propagating in a five-dimensional dilatonic black hole to study the 
linear stability. This five-dimensional dilatonic black hole is one of a class of spacetimes for which their statistical 
entropies were calculated in Refs. [33]- [36]. We note that in these references some results of String Theory were 
used in order to compute the statistical entropy of the black holes. Furthermore, exploiting duality relations in Ref. 
[37] was computed the statistical entropy of the two-dimensional black hole given in Ref. [38 from the result for the 
five-dimensional dilatonic black hole that we study in the present paper. 

We think this five-dimensional dilatonic black hole as a simple higher dimensional generalization of the uncharged 
two-dimensional black hole of Ref. [38] , since its metric is the direct product of the metrics for the previously 
mentioned two-dimensional black hole and the three-dimensional sphere. 

From their result on the QNF of the Klein-Gordon field propagating in the five-dimensional black hole, Becar et 
al. in Ref. ^ studied its linear stability and inferred that this black hole is linearly stable under Klein-Gordon fields. 
Thus in Ref. [3] was deduced that the extra spatial dimensions stabilize the five-dimensional dilatonic black hole, 
because in Refs. [1], [35], [30], [H] was shown that the two-dimensional black hole of Ref. [35] is linearly unstable 
under Klein-Gordon and gravitational perturbations. 

In this paper we exactly calculate the QNF for the scalar and vector type electromagnetic fields and for the 
massive Klein-Gordon and Dirac fields propagating in the five-dimensional dilatonic black hole already mentioned. 
Using these results we study the linear stability of this black hole. Our conclusion about the linear stability of 
the five-dimensional black hole is different from that by Becar, et al. because for these fields we find QNMs with 
amplitudes increasing in time. We discuss in depth these results in the main body of the paper. Here we only 
comment that our results are an extension and revision of those by Becar, et al. published in Ref. 

We organize this paper as follows. In Sect. [2] we exactly calculate the QNF of the scalar and vector type 
electromagnetic fields and of the minimally coupled Klein-Gordon field propagating in the five-dimensional black 
hole that was studied in Ref. [1]. Exploiting these results we discuss its stability. Also we review the results of 
Ref. [4] on the QNF of the non-minimally coupled to gravity Klein-Gordon field and on the linear stability of the 
five-dimensional black hole. In Sect. [3] we extend our previous analysis to include the massive Dirac field. In Sect. 
[4] we discuss our main results. Finally in Appendix lAl we make some comments on the results of Ref. |4j about the 
QNF of the Klein-Gordon field propagating in the uncharged two-dimensional dilatonic black hole of Ref. [38] . 



2 QNMs of boson fields 

In this paper we study the spherically symmetric five-dimensional dilatonic black hole whose line clement we write 
as [HIST] 

d.2 = (l-e-)di2--i^-ro^dI]l, (1) 
i — e 

where x G (0, -|-oo), tq is a constant and dSg is the line element of a unit three-dimensional sphere. Notice that the 
metric ([T]) is the direct product of the metrics for the asymptotically flat two-dimensional uncharged black hole of 
Ref. [3H] and the three-dimensional sphere of radius ro, also note that these two metrics are decoupled. Thus we 
think that the five-dimensional black hole ([T]) is a simple higher dimensional generalization of the asymptotically 
flat two-dimensional black hole of Ref. [^38]. For more details about this black hole see Refs. [4], [37] . 

Notice that there are no many papers in which the QNF of dilatonic black holes are computed, we know Refs. 
[3], [10], [H], [E], [32- Exact results are reported in Refs. [3], [lO], [11], [12]. In the present paper we extend some 
of the results given in these references. 

The QNMs of the flve-dimensional dilatonic black hole (|T]) are defined as the solutions to the equations of motion 
that are purely ingoing at the event horizon and purely outgoing at infinity [4 . First in this section we calculate the 
QNF of the scalar and vector type electromagnetic fields and of the minimally coupled massless Klein-Gordon field. 
Note that the results of this paper are an extension of those already published by Becar, et al. in Ref. ^ for the 
non-minimally coupled to gravity Klein-Gordon field. Also in this section we review the published results of Ref. [3] 
on the QNF of the Klein-Gordon field and on the linear stability of the five-dimensional black hole H]). 

We notice that the five-dimensional black hole (|T]) is uncharged. As is well known, in a D-dimensional spherically 
symmetric spacetime it is possible to simplify the equations of motion for test electromagnetic fields to partial 
differential equations in two variables |33l [331 [31] ■ We also obtain the same type of differential equation for the 
minimally coupled massless Klein-Gordon field. In the five-dimensional dilatonic black hole ([T]), Eqs. (53) and (67) 
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of Ref. [45] reduce to the partial differential equations 

PIj, - al] ^{x,t) = 0, (2) 

where the quantities a"^ are equal tcf^ 

, for massless Klein- Gordon field and scalar 

electromagnetic perturbation, (3) 



, for vector electromagnetic perturbation, 



the symbol D^jj denotes the d'Alembertian in the two-dimensional {t, x) sector of the line element ([T]) and the 
quantity (j) is related to the gauge invariant quantities appropriate to the type of electromagnetic perturbation (see 
Refs. [13]-[1S] for more details). 
Taking the quantity (p as 

0(a;,t) =e-*"*i?(a;), (4) 
we get that Eq. ^ reduces to the ordinary differential equation 

d;^((^-^ )d^j + T3^-"-^ = o- (5) 

To solve this equation we make the change of variable (as in Ref. [4]) 

z = 1 - e"^, (6) 

thus z e (0, f), to find that Eq. ^ becomes 

d^i? fl I \ dR uj^R a%,R _ ^ 



^D^'- 

dz^ \z 1 — zJ dz 2:^(1 — z)^ z(l — z)^ 



The last equation is similar to Eq. (8) of Ref. Thus using the same method of Ref. ^ we shall solve Eq. ([7]). 
First we make the ansatz 

R{z) = z^{l-zfQ{z), (8) 

where 



C = { , B={ , (9) 



to get that the function Q is a solution of the hypergeometric differential equation 



z{l~z)^ + {c-{a + b+ 1)^)^ ~abQ = 0, (10) 



where the quantities a, b, and c are equal to 

a = B + C+1, 
b = B + C, 

c = 2C+l. (11) 

Therefore if the quantity c is not an integer then the radial function R is given by 

i?=(l-z)^ [Bz''^2Fi{a,b;c;z) 

+Ez"''^2i^i(a-c+l,6-c-Hl;2-c;z)] , (12) 

where D and E are constants. 



-"^ Owing to the coupling with the perturbations of the dilaton field we do not calculate the QNF for the three types of gravitational 
perturbations because we cannot simplify their equations of motion to partial differential equations similar to Eq. ((2j . 
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It is convenient to note the following facts about the different coordinates that we use in the black hole ([T|) . The 
tortoise coordinate for this spacetime is [4] 

^ = ln(e^-l), (13) 



1 - e- 

where r* € (— oo, +oo), — s- —oo near the event horizon and — > +oo at infinity. Also from the definition given 
in formula ^ for the coordinate z we get 

(14) 



and therefore 
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as r* — > —oo, z « e * , 

as — > +CX), 1 — zwe"''*. (15) 



To calculate the QNF of the fields studied in this section we choose C — ioj and B = i\J uS^ — a^. From formulas 
(|15p . for the function R of Eq. (jl2p we find that near the horizon the first term is a purely outgoing wave, whereas 
the second term is a purely ingoing wave. To satisfy the boundary condition of the QNMs near the horizon we must 
take D = 0. Thus 

R^E z"*"(l - z)^ 2Fi{a - c + l,b - c + 1;2 - c; z) 

= Ez-'^il-zf2Fi{a,P;T,z)- (16) 

At this point we recall that if the quantity c—a—b is not an integer then the hypergeometric function 2F1 (a, b; c; u) 
satisfies [35] 

/ 7 N r(c)r(c — a — 6) ^ , , , , 

2F1 a,6;c;u = -^2Fi{a,b; a + b + 1 - c;l - u) 

1 (c — ajl (c — b) 

+ w °,w!!r - ^)^-"-''2Fi(c - a, c - 6; c + 1 - a - 5; 1 - ^.). (17) 

r(a)r(6) 

Using this formula and Eqs. (I15|) we find that near infinity the radial function R simplifies to 

r(7)r(7 - g - /3) ^^^^^/z^z^r, , r(7)r(a + /3 - 7) „»,/;:;^3^r. on 
^-r(7-«)r(7-/3)^ ^ + r(a)r(/3) ^ ^ ' ^''^ 

According to Refs. [47] the first term is an ingoing wave and the second term an outgoing wave. Thus to fulfill 
the boundary conditions of the QNMs we must impose the condition 

7 — a = —n, or j — f3 ~ —n. (19) 

From these equations we get that for the electromagnetic and massless Klein-Gordon perturbations their QNF are 
equal to 

^ = ^ = -2(;^(^"+^^'""^)' 

where n = 1, 2, 3, . . . , for the first set of QNF and n = 0, 1, 2, 3, . . . , for the second set of QNF. 

As the time dependence is of the form exp(— zwt) (see formula ([4])), in order to have stable QNMs we need that 
Im(a;) < 0. Thus for > or o?^ > (n + 1)^ the amplitudes of the QNMs increase with time. This fact shows 
that in the fivc-dimcnsional black hole ([T]) there are unstable QNMs, (for the fields studied in this section at least 
the fundamental mode is unstable). This result about the linear stability of the black hole ([T]) is different from that 
obtained by Becar, et al. in Ref. [1]. They inferred that the five-dimensional black hole ^ is linearly stable by 
studying only the Klein-Gordon field with non- minimal coupling to gravity (see below). 

We note that the QNF (^0]) are purely imaginary as those already found in Refs. [TD], [TT], [T^, [21], [IH] for 
several fields and spacetimes (see also the QNF (PT|) below and expressions ([55]) and (|57|) of Sect. Moreover 
notice that for 7^ the QNF (|20p depend on the mode number n in the form 1/n and 1/(71 + 1) (l/n for large 
n). 
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Furthermore the QNF given in formula ((20|) have the same mathematical form that the limit n +00 of the QNF 
for the four-dimensional Schwarzschild black hole given by Eq. (12) of Ref. [49]. We cannot explain this coincidence 
in the mathematical form of the QNF ([20]) and those of Ref. [49] . We only note that in Ref. ^9] Liu and Mashhoon 
obtained the solutions of the radial equation in terms of the confluent hypergeometric function but in this section 
the solutions involve the hypergeometric function^ 

We note that the quantity as can be equal to zero when I — (that is for the Klein-Gordon field). Thus we 
expect that the frequencies given in expression ([20]) with = are QNF. Nevertheless we need to verify if the 
modes with these frequencies fulfill the boundary conditions of the QNMs. Here we follow a slightly different path. 
We solve Eq. (O with as = to disprove the existence of solutions that represent QNMs. 

li as =0 then Eq. ([7]) reduces to 

d^i? fl I \dR u^R ^^^^ 



dz^ \z I — z J dz z^{l — z) 
We transform the previous equation to the form 



where we define the variable u by 



du^ 



du 



uj^R^O, (22) 



(23) 



dz z(l — z) ' 
thus 

u = ln(z) - ln(l - z). (24) 
Therefore the solutions of Eq. pTjl are of the form 

R^B z'"(l - z)-"^ + E z-'^^il - z)"^, (25) 

where D and E are constants, as before. 

From formulas psp we find that the first term is an outgoing wave near the event horizon and at infinity. The 
second term is an ingoing wave near the horizon and at infinity. Thus the function R given in formula pS)) does not 
satisfy the boundary conditions of the QNMs. 

For I = the effective potential in the Schrodinger type equation (|22l) is equal to zero, thus this mode of the 
field propagates freely in the five-dimensional black hole llj. Therefore in this black hole for a^; = (/ = 0) there 
are no QNMs. 

Next, we review the already published results of Ref. [1] on the QNF of the Klein-Gordon field with non-minimal 
coupling to gravity, because we believe that some of its results are incorrect. The equation of motion for the 
non-minimally coupled to gravity Klein-Gordon field $ is 

(□^ -fi^ ~ ^7^)$ = 0, (26) 

where is the d'Alembertian, ^ is the coupling constant between the massive Klein-Gordon field and the scalar 
curvature of the spacetime ([T]) given by 7^ = e""^ + 6/rQ, and fi is the mass of the field. 
To solve this equation in the five-dimensional black hole ([1]) we make the ansatz 

'S>{x,t,9,)^R{x)e~'^'Y{9^), (27) 



where Y{9i), i = 1,2,3, are the spherical harmonics on the three-dimensional sphere. Substituting expression ([27 
into Eq. (|26ll we find that the function i? is a solution of the ordinary differential equation 



^We remark that Eq. (12) of Ref. |49| is valid in the Umit n — > -|-oo. Therefore the condition j + ^ > {n + ^)/\/2 necessary for 
the existence of unstable QNMs cannot be satisfied. This fact agrees with the linear stability of the four-dimensional Schwarzschild 
background 1501 . (in this formula j is the angular mode number). 
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This differential equation is similar to Eq. ([5|) and we use the previous method to solve it. Thus making the 
ansatz ([8|) we find that for the Klein-Gordon field with non-minimal coupling to gravity the quantities C and B are 
equal to 



'('+2)+6$ 2 
^2 M 



lUJ 

C = { , B=l , (29) 



and the function Q is a solution to the hypergeometric differential equation (|10p with the parameters a, 5, and c 
given bjjfl 



a = S + C 



b = B + C 



2 ^ 2 ' 



1 

2 2 



c = 2C+l. (30) 

Next we impose the boundary conditions of the QNMs to obtain that for the non-minimally coupled Klein-Gordon 
field evolving in the five-dimensional black hole ([T]) the QNF are equal to 



" = -2 



n TT i(i+2)+6; 2 



_2 2 i±vIES+. 
This result is different from that given in Eq. (44) of Ref. [T (here we write that result in our notation) 



(31) 



Also notice that in Ref. [4] only a set of QNF is reported, but we found two sets of QNF (see our expression (|3ip 
above). 

Using the result (PTjl for the QNF we discuss the linear stability of the five-dimensional black hole ((1]) under 
Klein-Gordon fields with non-minimal coupling to gravity. If ^ < -i the QNF pip are purely imaginary. In order 
that the amplitudes of the QNMs decay in time we need that Im(a;) < 0. From expression (PTjl for the QNF of the 
Klein-Gordon field we find that if the quantities n, Z, ^, and fi satisfy 



1 ^ , . .,2 , ^(^+2)+6^ 



2^ 2^ + ""^ <^ + ^ ^' 

then the amplitudes of the QNMs grow in time. Furthermore, for ^ > i we find similar results to those obtained for 

Our result about the linear stability of the five-dimensional black hole ([T|) is different from that of Becar, et 
al. given in Ref. [3]. They inferred that the extra three spatial dimensions stabilize the asymptotically flat two- 
dimensional black hole in the (t, x) sector of the spacetime ([1]). This two-dimensional black hole is linearly unstable 
under Klein-Gordon and gravitational perturbations as was shown in Refs. [4j, [39], [40], [41]. The values for the 
QNF given in Eqs. ([20]) and ([31]) prove that for the five-dimensional black hole ([Ij there are QNMs with amplitudes 
increasing in time, hence there are unstable QNMs. This result points out the existence of a linear instability in the 
five-dimensional black hole H]). 

To finish this section we note that Eq. ([5]), (valid for the scalar and vector type electromagnetic fields and the 
minimally coupled massless Klein-Gordon field), reduces to a Schrodinger type equation with effective potential 

Vir.) = (34, 

thus = when = 0, as we already noted. As ±oo the effective potential p4p behaves as 

lim y(r*) = a|, lim V{r^) = 0. (35) 



^We choose C = —iu} and B - 



-i^^uj'^ — _ y2 jjj ^^jjg following. 



6 



In Fig. 1 we plotted the effective potential l|34p with = I. We get similar plots for other values of the quantity 
as- We note in Fig. 1 that the effective potentials (p4|) are step-like. As in Ref. [51], for the step- like potential p4| 
the QNF given in Eq. ([20]) are purely imaginary. 

In Ref. [57] was proved the linear stability (instability for D = 6) under tensor perturbations of some higher 
dimensional spherically symmetric black holes of the Einstein-Gauss-Bonnet theory. They calculated the effective 
potentials for this type of gravitational perturbations and exploiting the results of Ref. [52] they showed that these 
potentials do not support at least one bound state0 

For the five-dimensional black hole ([T]) we cannot use a similar method to that of Ref. [22 to show the existence 
of bound states because the effective potential (|34p has a limit different from zero as r, — > -|-oo. Thus we cannot 
use the results of Buell and Shadwick given in Ref. [52j , because they assumed that the potential goes to zero as the 
independent variable goes to infinity. Furthermore, to prove the existence of at least one bound state for a given 
potential we need to calculate the following integral (for more details see Ref. [52] ) 

/ + CO 
Vir,)dr,, (36) 
-oo 

and depending on its value we know if the effective potential V{r^) has at least one bound state. For the effective 
potential (|34]l the integral (|36]) is divergent. 
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Figure 1: Plot of the effective potential V given in Eq. ([M]l where we take = 1. 



For the non-minimally coupled to gravity massive Klein-Gordon field we find that effective potential in the 
Schodinger type equation is equal to 

where 

1(1 + 2) + 6^ , 2 

"KG = 2 + M ■ (38) 

As r, ztoo this potential behaves as the potential V of Eq. (|M]) (see formulas (|55]) ): thus the plot of the potential 
Vkg of (|37p is similar to that draw in Fig. 1. In a similar way to the potential V of formula (|M]) . for Vkg the 
integral ([36]) is divergent. 



For D = 6 they showed that the corresponding effective potential support at least one bound state. See also Refs. [28) . [29] . 
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3 QNMs of the massive Dirac field 



As is well known, in a D-dimcnsional GD-2-synimetric spacetime whose line element we write in the form |44j 

ds^ = Fixfdt"^ - G{x)^dx^ - H{xfdY?o^2. (39) 

the massive Dirac equation ijHip — fxip simplifies to a pair of coupled partial differential equations in two variables 
[SI El [55] 

F f F \ 

dt^i + = - + ifiF^ ^2, (40) 

where k denotes the eigenvalues of the Dirac operator on the manifold with line element dS|j_2, the functions ipi 
and ip2 are the components of a two-dimensional spinor 7/'2D in the {t, x) sector of the line element p9p 



For more details see Refs. [53], [54], [55]. For a different method see Refs. [56] . 

In the present section, by using Eqs. (I40p we compute the QNF of the massive Dirac field propagating in the 
five-dimensional black hole (|T]). The QNF of the Dirac field evolving in higher dimensional spacetimes have not been 
studied extensively as for other fields, we know only the results reported in Refs. [21], [53], [54], [57] . 

As the line element of the five-dimensional black hole ([1]) is of the same type as the line element of formula (|39p 
we identify the functions F, G, and H as follows 

F=i = (l-e--)i/2, H = ro, (42) 
and therefore in the five-dimensional black hole ([1]) Eqs. ([^D|) are written as 

dt^2 - (1 - 6-^)9,^2 = (1 - e-^)i/2 (^^ - V'l, 
atVi + (1 - e-^)5,Vi = -(1 - e-^)i/2 ^ 



(43) 



where k are the eigenvalues of the Dirac operator on the unit three-dimensional sphere, that is, k = ±i(Z -f |), with 
I = 0,1,2, ... , [35]. In the following we only consider k — z(Z+ |) (we expect to get similar results for k = — i(Z + |)). 
Now we take the components ipi and ip2 of the two-dimensional spinor (|4ip as 

V'i(x,0 = i?i(x)e-'"*, 

M^,t)^R2{x)e-'"\ (44) 

also, as in Chandrasekhar's book [59], we define the quantity 9 by 

e = arctan (^jj , (45) 

where 

A = -!^^i±l, (46) 
ra ro 

and taking Ri ^ e^^^/^^i and i?2 = e^'^/^^a we find that Eqs. ((321) become 
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where ajj — {I + |)^/'"o + A^^- Note that the quantity aj^ is always different from zero (even when fi = I = 0). 
From Eqs. (|47|) we obtain the decoupled ordinary differential equations for the functions i?i and R2 

_„,d^^i e^=^ d^i iLoe'^'Ri uj'^Ri ^ ~ 

(1 - e-^)^ + - ^P-^ + - o?oR2 = 0. (48) 

^ ' dx^ 2 da; 2(1 - e-^) 1 - e"^ ^ ^ ' 

Making the change of variable given in formula ^ we find that Eqs. (I48p transform into 

d^i Lo'^Ri iujRi 



d^Ri 






1 


dz^ ^ 


(22 


1 


— z 


d'7?2 






1 


dz^ 


V2^ ^ 


1 


— z 



dz z2(l-z)2 2z2(l-z) Z(l-Z)2 

d^2 ^2^2 iLuR2 a%R2 

"d7 ^ Z2(l-z)2 " 2z2(l-z) " z(l-z)2 



= 0, 

= 0. (49) 



These equations are similar to Eq. ([7]) and using the same procedure of Sect. [2] we solve the previous two equations. 
We first solve the equation for the function i?i to calculate the QNF of the component tpi. Next we present the 
corresponding results for the component ip2- 

To solve the ordinary differential equation for the function Ri (|49|) we make the ansatz of Eq. ^ where (replace 
C by Ci, B by Bi, and Q by Qi) 



Ci^{ ^ , Bi = <! , (50) 



2 



i-\/cj2 — 



to find that the function Qi is a solution to the hypergeometric differential equation ()10p with parameters ai, 61, 
and ci equal to 

oi = Bi + Ci + ^, 

ci = 2Ci + i. (51) 

To compute the QNF of the massive Dirac field we choose the quantities Ci and Bi as Ci — iuj and Bi — 
i\/ up' — Hence the function i?i is equal to 

i?i =e-*^/2z'"(l-z)^i [Di2Fi(ai,6i;ci;z) 

+Ei z^l^-^'^2Fx{a^ - ci + 1, 61 - ci + 1; 2 - ci; z)! , (52) 



where Di and Ei are constants. From the formulas (jlSp . in order to have a purely ingoing wave near the event 
horizon we must take Di = 0. Therefore the function R\ becomes 

i?i = Eie-*^/2^i/2"'"^(l - z)^i 2i^i(ai - ci + 1,61 - ci + 1;2- ci;z) 

= Eie-'^/2^i/2— (1 - z)^i 2Fi(ai,/3i;7i; (53) 

If the quantity 71 — /3i — ai is not integer, using the formulas (jl5p and (|17p we get that near infinity the function 
R\ has a behavior similar to that given in formula (fT8|) for the radial function of the boson fields studied in Sect. 
[21 From the results of Ref. [47J and Eqs. (|44|) . to satisfy the boundary condition of the QNMs near infinity we must 
impose the condition 

7i-Q;i = -ni, or 7i-/3i = -ni, (54) 

where n\ = 0, 1, 2, ... . From these equations we find that the QNF for the component V'l of the massive Dirac field 
are equal to 

- = -^(^^ ((-^ + \f - -o) , - = ((., + 1)^ - al) . (55) 
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Notice that for the five-dimensional black hole ([T]) the imaginary part of the QNF for the Dirac field depend 
on its mass. As in the previous section, the time dependence of the massive Dirac fields is of the form exp(— iwi), 
hence we need Im(ti;) < in order that the perturbations decay in time. Thus the QNMs with frequencies (|55p have 
amplitudes increasing with time when the quantities ud and ni satisfy 



(56) 



In a similar way to the component ipi , by imposing the boundary conditions of the QNMs we find that the QNF 
for the component ■02 are 



2{n2 



{in2 



1)2 



2n' 



(57) 



where n2 = 0, 1, 2, . . . for the first set of QNF and n2 ~ 1,2,..., for the second set. These frequencies determine 
QNMs with amplitudes decreasing in time when the mode number n2 and the quantity ao fulfill the condition 
n2 > an- 

Thus depending on the values of /i, I, tq, and ni (or 71,2) our results for the QNF of the massive Dirac field given 
in formulas ([55]) and ((57)) show the existence of some unstable QNMs (those with > ni + 1/2 for the component 
ipi and those with ao > n2 for the component ^2)- This result is similar to that of the previous section for the 
electromagnetic and Klein-Gordon perturbations and different from that of Ref. 4 . 

As for the bosons fields of Sect. [H Eqs. of the massive Dirac field simplify to Schrodinger type equations 
with effective potentials equal to [55] 



2 ^r. 



alse 



Similar to the effective potentials ([34]) and ((37|) . as r, 

lim Vi(r») = a|,, 

— i- + oo 



± 



r./2 



1 2 (e*^* + 1)3/2 ■ 
±00 the effective potentials ([58]) behave as 
lim V±(r,)==0. 



(58) 



(59) 



In Fig. 2 we plot the potentials V+ and V- for = 1. Notice that the effective potential V- is negative for 
sufficiently large negative values of r*. As for the effective potentials of Eqs. ([M]) and ([57]) . the integral diverges 
for the effective potentials V± of the massive Dirac field given in formula ((58)) . Thus using the method of Ref. [27] 
we cannot study the linear stability of the black hole ([T]) under massive Dirac fields. 



1.0 n 


1/. -o^O************ 

/ * 


0.8- 


/ * 
/ * 

/ * 
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Figure 2: Plots of the effective potentials V+ (solid line) and V- (broken line) given in Eq. 
ao = 1- 



, where we take 
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4 Discussion 



Our results ([20]) . (I31|) . ([55|) . (|57|) for the QNF of the five-dimensional dilatonic black hole ([T]) show that there are 
unstable modes satisfying the boundary conditions of the QNMs. Therefore due to existence of these unstable QNMs 
the five-dimensional spacetimc ^ is linearly unstable. This result is different from that reported in Ref. 

We remark that in the five-dimensional black hole ([1]) the QNF of the different fields (massive or massless) have 
the same mathematical form (see our formulas (l20t . (|3T|) . (|55|) . ((57)) '). 

We believe that using other methods we must settle the problem of the classical stability or instability of the 
five-dimensional studied in this paper. In particular, to investigate if some extension of the method exploited in 
Ref. [27] can be applied to determine if this black hole is classically stable or unstable deserve some attention. If 
we confirm the classical instability of this black hole, the implications of this fact on the calculations made in this 
spacetime deserve further study. 

Notice that the analysis of Sects. [2] and [3] does not include gravitational perturbations because these are coupled 
with those of the dilaton field. Thus we expect that the equations of motion for the three types of gravitational 
perturbations cannot be reduced to partial differential equations similar to Eq. ([2]). Therefore for the gravitational 
perturbations we believe that the analysis is more difficult than for the fields studied in Sects. [2] and [31 

As is well known the effective potential for the scalar type gravitational perturbations is more complicated than 
those for the vector and tensor type gravitational perturbations [43l [4^ . This fact implies that the linear stability 
under scalar type gravitational perturbations of several higher dimensional asymptotically de Sitter and anti-de 
Sitter static black holes is not proved in the present 24J . Also from the recent results of Refs. [3] the computation 
of the QNF for the scalar type gravitational perturbations propagating in the five-dimensional black hole ([T|) is 
a relevant issue, since some higher dimensional black holes arc linearly unstable under this type of gravitational 
perturbations. Thus we believe that the linear stability of the black hole ([T]) under gravitational perturbations is 
worth to be considered in order to prove or disprove our results. 

For the five-dimensional black hole ([1]) , from the results of the present work and of Ref. 4J for the vector and 
scalar type electromagnetic fields, the massive Dirac field and the massive Klein-Gordon field for ^ < -j, we get that 
the real part of the QNF is zero. This result indicates that Hod's conjecture [7j is not valid for the black hole ([T]), 
because in this conjecture we need to assume that the real part of the QNF is different from zero and depends only 
on the physical parameters of the black hole. 



A Quasinormal modes of a two-dimensional black hole 



In Ref. |1] were computed the QNF of the non-minimally coupled to gravity Klein-Gordon field propagating in the 
uncharged two-dimensional black hole of Ref. [35] with line element (the {t, x) sector of the metric ([IJ) 



ds2 = (1 



Idi^ 



(1 



(60) 



The result obtained in Ref. [J for the QNF of the massive Klein-Gordon field with non-minimal coupling to gravity 
is (Eq. (25) in Ref. H]) 



+ n + C 



n'^ + n + 



(61) 



where n is the mode number (n = 0, 1, 2, . . . ), /i is the mass of the Klein-Gordon field, and C is the coupling constant 
between the Klein-Gordon field and the scalar curvature of the spacetime ([60)) . 

Here we note only the following facts. It is possible to write the QNF ([6T)) in the simpler form 



2n + 1 - Vl -4C- 



2n + l- VT^^ 



(62) 



whose mathematical form is similar to that of the QNF (|3ip of the five-dimensional black hole ([T]). Also Becar, et 
al. do not report the following QNF 



2n + 1 + - 4C - 



2n + l + VT^^ 



(63) 



In Ref. [1] were imposed two conditions to find the QNF of the Klein-Gordon field (Eqs. (23) and (24) of the 
previous reference, a = —n and b = — n, respectively), but they report only the QNF ([CT)) . Owing to the parameters 
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a and b are different (see Eqs. (11) and (12) of Ref. [4]), we expect to get two different sets of QNF (Eqs. (|62p and 
([63]) above). 

Moreover Eqs. ((62|l and ([63|) allow us to discuss the stability of the two-dimensional black hole ([60|l in a simpler 
way. Thus for C < j, the two-dimensional black hole (pOj) is linearly unstable if n, (, and /i satisfy 



n</i±^^^--. (64) 

Using Eqs. ([5^ . and we reach the same conclusions on the linear instability of the two-dimensional 

black hole ((60)) that those already pubhshed in Ref. [4] (see also Refs. [39], [40], [41]). For C > i also we find similar 
results to those reported in Ref. 4 . 
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